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INTERACTION OF A GAS–DROPLET TURBULENT JET

WITH A COCURRENT HIGH-VELOCITY HIGH-TEMPERATURE GAS FLOW

UDC 532.517+536.24D. V. Sadin, A. N. Dobrolyubov, V. P. Zyuzlikov,

K. V. Mogilenko, and B. E. Sinil’shchikov

A mathematical model and a method for calculating a gas–droplet turbulent jet with allowance for
velocity nonequilibrium and virtual mass of the condensed phase during turbulent fluctuations and also
heat and mass transfer within the three-temperature scheme are developed. Methodical calculations are
performed. The results of these calculations are in reasonable agreement with available experimental
data. The structure of the gas–droplet jet in a cocurrent high-velocity high-temperature gas flow is
studied by numerical methods. The ratio of intensities of heat and mass transfer between the phases
and turbulent diffusion transfers of substances is found to be different at the initial, transitional, and
basic segments of the jet. This difference is responsible for the nonmonotonic axial distribution of
vapor density and the lines of the halved mass flow of the condensed phase.
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Introduction. Injection into a supersonic gas flow was intensely studied in solving today’s engineering
problems (generation of controlled forces on surfaces in a supersonic flow with injection of liquid and gas side jets
[1–3], organization of supersonic combustion above the surface in a supersonic flow, increasing the lift force, or
creating an additional drag force [4], jet cooling of surfaces [5–7], etc.).

The main role in studying the interaction of injected jets with the free stream in [1–7] is given to experimental
methods. Theoretical research usually involves the use of simplified mathematical models, which allows available
solutions to be used in the analysis of similar flows (jet penetration into a motionless medium, flow around solid
obstacles, distribution of the explosion waves, etc.).

In earlier research, direct interaction of the disperse phase and the gas was neglected. Appropriate assump-
tions were first justified in [8–10], where models were constructed, which take into account two-velocity effects and
describe the macroscopic turbulent transport of momentum and energy of the phases. Such models of turbulence
of a two-phase medium are based on the condition of conservation of momentum for an isolated mole [9]:

v′10 − v′1 = κv′2. (1)

Here v′10 = lT ∂v1x/∂y is the initial fluctuating velocity of the gas mole, v′i are the final velocities of motion of the
gas mole and entrained particles moving to a distance equal to the turbulent mixing length lT , and κ is the mass
concentration of the admixture.

In accordance with Prandtl’s hypothesis about the mixing length, the coefficients of turbulent viscosity of
the phases are proportional to the velocities of motion of the gas mole and particles entrained by the gas mole [11]:

νT1 ∼ |v′1|lT , νT2 ∼ |v′2|lT .

Following [10, 11], we calculated a two-phase turbulent submerged isobaric jet within the framework of the
above-mentioned notions. A comparison of the calculated and experimental data shows that they are in good
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agreement if the mixture contains small amounts of fine particles. As the characteristic diameter of particles and
their mass fraction increase, the difference in results becomes more pronounced, which implies that an essential
physical factor is neglected. A refined model of interaction of the gas mole and the group of particles entrained by
this gas mole is described below.

The processes of heat and mass transfer between the phases also play an important role in modeling the
interaction of gas–droplet jets with high-temperature gas flow. Models of turbulence were constructed, and processes
of hydrodynamics and heat and mass transfer in a two-phase gas–vapor–droplet flow in a tube (see [12] and the
references therein). In the case of intense heat and mass transfer, the equations for the changes in the droplet radius
and momentum of the condensed phase have to take into account the correlations 〈ρ′2v′2y〉 between the fluctuations
of the particle density and the transverse velocity of the particles; the equation of momentum of the gas phase
should involve the correlations 〈ρ′1vv′1y〉 between the fluctuations of the vapor density and the transverse velocity of
the gas.

Formulation of the Problem. We consider a two-phase disperse mixture of droplets with a two-species
carrier phase (inert gas and vapor) under the known assumptions [13]. In addition, we make allowance for turbulent
viscosity, thermal conductivity, and diffusion of the phases in the direction perpendicular to the prevailing flow
direction (the x axis coincides with the main flow direction and the y axis coincides with the radial flow direction).

Presenting all parameters as a sum of the mean and fluctuating components, we perform the standard
averaging procedure. We also assume that turbulent transport effects prevail over molecular transport effects. If
triple correlations are neglected, the equations of turbulent motion of the mixture of the two-species gas and droplets
acquire the form
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Here the subscripts g and v refer to the parameters of the inert and vapor species of the gas, respectively, and the
subscript Σ refers to the parameters of the surface phase (Σ-phase), the fluctuating components of the parameters
are primed; ρi, vi, and αi are the densities, velocity vectors, and volume fractions of the ith phase, r is the droplet
radius, Ei, ui, and Ti are the specific total and internal energies and temperatures of the ith phase, p is the gas
pressure, Fμ, J12, and QΣ2 are the intensities of viscous force interaction between the phases, phase transfer, and
heat transfer, t is the time, and i is the unit vector in the x direction; the superscripts ν = 0 and 1 refer to the
plane and cylindrical coordinate systems.
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Closing Relations. The heat and mass transfer between the phases is calculated within the framework
of the equilibrium model of the interface (the mean temperature on the droplet surface equals the saturation
temperature TΣ = Ts) [13]:

J12l(pv) = QΣ1 + QΣ2, QΣi = 3α2 Nui λi(Ts − Ti)/(2r2).

Here l(pv) is the heat of vapor formation, pv is the partial pressure of the vapor, λi and Nui are the thermal
conductivity and the Nusselt number of the ith phase (Nu2 = 10 [13] and Nu1 is found from the experiment [14]).

The system of conservation equations (2) is closed by the equations of state of calorically perfect gas species

pg = ρ0
1gR1gT1, pv = ρ0

1vR1vT1, p = pg + pv,

ρ0
1 = ρ0

1g + ρ0
1v, k1g = ρ0

1g/ρ0
1, k1v = ρ0

1v/ρ0
1 (k1g + k1v = 1),

u1 = k1gu1g + k1vu1v, λ1 = λ1(k1g, T1),

ig = cg(T1 − T ∗) + i∗g, iv = cv(T1 − T ∗) + i∗v,

where pg, R1g, and R1v are the partial pressure of the inert gas and the constants of the gas species, ρ0
1g, ρ0

1v, k1g,
k1v, u1g, and u1v are the true densities, concentrations, and internal energies of the unit masses of the species,
cg and cv are the thermal conductivities of the inert gas and vapor at constant pressure, the asterisk used as a
superscript corresponds to fixed parameters, and ig is the enthalpy of the gas species. The enthalpy of the vapor
species iv is related to the enthalpy of the condensed phase il by the normalization condition [13]

i∗v − i∗l = l(p∗v) + (cl − cv)(Ts(p∗v) − T ∗),

where cl is the heat capacity of the liquid.
To determine the relation between the correlations of the fluctuating components in Eq. (2) and the mean

parameters, we use the Boussinesq relations
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μTi = νTiρi, λT1 = cpμT1/PrT , λT2 = c2μT2/PrT .

Here μT1 , μT2 and λT1 , λT2 are the turbulent viscosities and thermal conductivities of the phases, respectively, ScT1

and ScT2 are the turbulent Schmidt numbers and Pr T is the Prandtl number, and cp and c2 are the specific heats
at constant pressure of the gas and droplets, respectively.

To construct the refined model of turbulence of a two-phase medium, we consider a simplified scheme of
motion of a turbulent mole. At the moment of its nucleation, the turbulent gas mole has two components of the
velocity vector: mean axial velocity v1x and fluctuating velocity v′10. After moving to a distance equal to the
turbulent mixing length lT , the mole is not isolated and populated by the same particles because of the difference in
phase velocities. Thus, the greater the slip velocity of the phases in the axial and radial directions (v′

12 = v′
1 − v′

2),
the greater the error in the condition of conservation of momentum for an isolated mole. The particular value
depends on the time of velocity relaxation of the phases [15]:
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1|v12|/μ1, v12 = v1 − v2.
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Here ρ0
i are the true densities of the phases, μ1 is the dynamic viscosity of the gas, and w0 is the characteristic

value of the initial slip velocity of the phases.
As Eq. (3) implies, the greater and heavier the droplets, the greater the velocity of the relative motion of

the phases. Thus, the condition of conservation of momentum for the turbulent mole should involve the additional
virtual mass of the condensed phase κ∗, which depends on the fluctuating velocity v′10, time of relaxation t

(μ)
1 (t(v)

1 )
of the gas mole, turbulent mixing length lT , and characteristic scale of turbulence Λ [1]:

κ∗/κ = f(v′10, t
(μ)
1 , lT , Λ).

It follows from the analysis of dimensions that

κ∗/κ = f(ShT , Λ/lT ), ShT = |v′10|t(μ)
1 /lT (4)

(ShT is the turbulent Strouchal number).
For axisymmetric jets in a cocurrent flow, the experimentally validated conditions [1]

Λ
b
≈ const,

lT
b

≈ const,
Λ
lT

=
Λ
b

b

lT
≈ const,

where b is the width of the shear zone, can be reasonably used in Eq. (4).
To determine the relative fluctuating velocity of the phases v′12 = v′1 − v′2, we use the system of equations

with allowance for the virtual mass of the condensed phase:
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After replacing the variables
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and its solution V = V0, W = W0 e−λt. Returning to the original variables, we obtain

v′i = v′i0 e−λt +ρ1(v′1 + κ∗v′2)(1 − e−λt)/ρ∗. (5)

For final determination of the relative fluctuating velocity of the phases resulting from mole displacement
to a distance equal to the mixing length lT , with allowance for the virtual mass, we integrate Eq. (5). Finally, we
obtain

lT =
v′20
λ

(1 − e−λT ) +
ρ1(v′1 + κ∗v′2)

ρ∗

(
t +

1
λ

e−λT − 1
λ

)
. (6)

Equation (6) determines the time T of mole motion before it s merging with the next layer. With allowance for that,
we use Eq. (5) to find the relative fluctuating velocity of the phases with the initial conditions v′10 = lT ∂v1x/∂y

and v′20 = 0:

v′12/v′10 = e−λT .

Thus, the turbulent viscosities of the phases are described by the equations

μT1 = ρ1l
2
T

1 + κ∗ e−λT

1 + κ∗
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∣∣∣, μT2 = ρ2l
2
T
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1 + κ∗
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∂y

∣∣∣.
For final closure of system (2) in accordance with the chosen model, we have to find the mixing length lT .

We use the classical approach [16]

db

dx
=

c

2
(v1m − v1h)(1 + ρh/ρm)

v1m + v1hρh/ρm
, lT = c1b.
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Here the subscripts m and h correspond to the parameters on the jet centerline and the cocurrent flow centerline;
the recommended values of the constants are c = 0.27 on the initial segment and c = 0.22 on the main segment;
c1 = 0.1 [1].

Initial and Boundary Conditions. The initial data imply an undisturbed flow in the entire computational
domain. Parameters of injection of a two-phase medium are set in a cylindrical coordinate system on the left
boundary at x = 0, 0 � y � R (R is the nozzle radius), the cocurrent flow parameters are set at R < y � Y (Y is
the outer radial boundary), the conditions of symmetry are imposed at x � 0 and y = 0, and the cocurrent flow
parameters are again set at y = Y > b.

In obtaining the steady-state solution by a time-dependent method, we solved an unsteady problem with
imposed initial and boundary conditions. The steady-state regime was assumed to be established when the condition
[17]

∣∣∣ρ
k+1
i − ρk

i

ρk
i τ

∣∣∣ � ε

was satisfied in all cells of the computational domain. Here τ is the iteration parameter (time step), k is the iteration
number, and ε = 10−3–10−4.

A method with splitting with respect to physical processes was developed for the calculations. At the first
stage, we calculated only the viscous terms of system (2) by the second-order sweep method. A scheme with
allowance for stiffness of the initial equations was used at the second stage [18]. The calculations were performed
by a time-dependent method.

Methodical Calculations. To estimate the adequacy of the mathematical model and calculation technique,
as well as the degree of influence of terms that describe turbulent transport, we performed a number of methodical
calculations.

The calculated and experimental [8] data for two-phase jets are plotted in Figs. 1 and 2. Figure 1 shows
the distribution of the relative axial velocity of the gas in the x axis dimension, and the lines of the halved velocity
and halved specific mass flow of particles are shown in Fig. 2 (d [μm] is the particle diameter, κ0 is the mass
concentration of particles, and v1m0 is the axial velocity of the gas on the nozzle exit at x = 0).

The function that takes into account the virtual mass of the condensed phase was chosen on the basis of
experimental data [8] in the approximation of the linear dependence of the virtual mass on the turbulent Strouchal
number in the form κ∗/κ = 2 ShT +1 and was calculated at each point of the computational domain. In defining the
form of the functional dependence, we took into account that t

(μ)
1 → 0, ShT → 0, and κ∗ → κ for small relaxation

times. The calculated results are in reasonable agreement with experimental data. The discrepancy in these data
in the region close to the nozzle (see Fig. 2) can be explained by the nonuniform initial profile of velocities in the
nozzle [8]. The dashed curve 4′ in Fig. 1 shows the calculation with ignored virtual mass of particles with d = 32 μm
and κ0 = 1.4 for the case where the particle concentration is commensurable in terms of density with the carrier
phase. The difference between the calculated axial velocity and experimental data is approximately 40%, which
testifies that slipping of the phases exerts a significant effect in the case of turbulent fluctuations.

The convergence of the method was tested on gradually refined computational grids and with a decreasing
time step. In addition, we analyzed the data calculated for a turbulent subsonic gas–droplet jet in a cocurrent gas
flow with θ = 1/3, m = vh/vm0 = 5, κ0 = 1, and r0 = 25 μm without allowance for the correlation 〈ρ′1vv

′
1y〉 between

the fluctuations of vapor density and transverse velocity of the gas and also without allowance for the correlation
〈ρ′2v′2y〉 between the fluctuations of particle density and transverse velocity of particles. A significant discrepancy
between these results and the data obtained by model (2) suggests that these factor exert a substantial effect in the
case of a nonisothermal gas–droplet jet with intense heat and mass transfer.

Calculation Results. A gas–droplet jet in the state of phase equilibrium in the isobaric mode n = 1
is injected in the axial direction x into an infinite homogeneous flow of a calorically perfect viscous gas. The
calculations were performed for the following values of the gas parameters: gas constant R1 = 320 J/(kg ·K),
ratio of specific heats γ = 1.2, and Mach numbers Mh = 0.66 and 1.33. The following injection parameters were
used: relative velocity m = v1h/v10 = v1h/v20 = 5 and 10, nonisothermality θ = 0.2 and ratio of stagnation
temperatures θ∗ = 0.172, respectively, for subsonic and supersonic cocurrent flows, droplet radius at the nozzle
exit r0 = 25 μm, the properties of water droplets and vapor were taken from the tables [19] and approximated by
fifth-order polynomials, and the initial mass concentration of the condensed phase κ0 was varied from 0.1 to 5.
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Fig. 1. Distribution of the relative axial velocity of the gas on the x axis: 1) the curves and points
refer to a one-phase jet; 2) d = 32 µm and κ0 = 0.3; 3) d = 32 µm and κ0 = 0.77; 4) d = 32 µm and
κ0 = 1.4 (curve 4′ shows the data calculated with ignored virtual mass of particles); 5) d = 72 µm
and κ0 = 0.3; 6) d = 17 µm and κ0 = 0.56.

Fig. 2. Lines of the halved velocity (1–4) and halved mass flow of particles (2′–4′): the curves 1 and
points 1 refer to a one-phase jet, 2 and 2′ to d = 32 µm and κ0 = 0.3, 3 and 3′ to d = 32 µm and
κ0 = 0.56, and 4 and 4′ to d = 32 µm and κ0 = 0.77.

We studied the interaction of a two-phase jet with a subsonic (Mh = 0.66) cocurrent gas flow. Figure 3
shows the fields of the dimensionless gas temperature T1/Tm0 and the dimensionless vapor density ρ1v/ρv0 (ρv0 is
the equilibrium value of the vapor density of the injected two-phase medium) for κ0 = 1.

The two-phase jet has an initial cone-shaped region 0 � x � xt (xt is the abscissa of the transitional cross
section) with gasthermodynamic parameters of the phases at the nozzle exit. Outside this initial region, there occurs
viscous turbulent nonequilibrium interaction of the gas–droplet jet and the external cocurrent gas flow with intense
evaporation of droplets and formation of vapor. Beginning from the abscissa of the transitional cross section xt, the
gas temperature on the axis of symmetry monotonically increases (Fig. 3a). In contrast to the temperature profile,
the axial profile of vapor density has a maximum (Fig. 3b), which is explained by different ratios of intensities of
vapor formation and turbulent diffusion of the vapor component. The intensity of the phase transition is higher
than the intensity of diffusion transport of vapor in the initial region; the opposite situation is observed in the main
part of the jet.

Figure 4 shows the lines of the halved mass flow of droplets (m is the relative velocity). An analysis of the
results obtained shows that, depending on the parameters κ0 and m, the lines of the halved mass flow can have a
nonmonotonic form with two extreme points, the minimum corresponding to the abscissa of the transitional cross
section xt, and the maximum corresponding to the maximum of the axial profile of vapor density.

Figure 5 shows the behavior of the droplet radius on the axis of symmetry for different values of the mass
concentration of the condensed phase. At κ0 = 0.1 (curve 1), the droplets become completely evaporated at a
distance x/R > 20. As the mass fraction of the droplets increases, the droplet radius is almost halved at κ0 = 1
and decreases by less than 20% at κ0 = 5.
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Injection of a two-phase jet into a supersonic (Mh = 1.33) cocurrent gas flow has a special feature: in such
an interaction, the gas is decelerated to a subsonic velocity through a shock wave (curve 4 in Fig. 5), in contrast to
an almost isobaric subsonic (Mh = 0.66) flow (curve 5). The gas pressure distributions along the axis of symmetry
(curves 4 and 5) were calculated for supersonic and subsonic cocurrent flows with κ0 = 1 and m = 10.
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